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Abstract
Multidimensional cosmological models with n(n > 1) spaces of constant curvature are
discussed classically and with respect to canonical quantization. These models are inte-
grable in the case of Ricci flat internal spaces. For positive curvature in the external space
we find exact solutions modelling dynamical as well as spontaneous compactification of
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1 INTRODUCTION
The interest in the Kaluza-Klein idea of geometric unification of interactions actually initi-
ates a lot of work. On one side the consistent formulation of supersymmetry or superstring
theory is possible only in a space-time with more than four dimensions. In field theory
higher dimensions act on four dimensional space-time through the generation of particle
masses [1 - 3], or the influence on effective constants of nature (like the constant of grav-
itation) [4 - 7] Higher dimensions can generate observable remnants like cosmic rays of
ultrahigh energy [8]. They are also used for a geometric interpretation of internal quantum
numbers (like electric charge) [2].
On the other side multidimensional models are successfully considered in cosmology.
It was shown that such higher dimensional stages may have significant influence on the
evolution of our external space. Obviosly, the internal dimensions are not observable at the
actual state of the universe. Therefore, all multidimensional cosmological models (MCM)
have to describe the compactification of the internal dimensions up to the actual time. As
a consequence all MCM can be devided into two different classes. The first class consists
of models where from the very beginning the internal dimensions are assumed to be static
and of the scale of Planck length LP l ∼ 10−33 cm. Such MCM are called models with
spontaneous compactification [1 - 3], [9 - 19]. The other class consists of models where
the internal dimensions undergo a dynamical evolution like the external space-time. But
during the evolution of the universe the internal spaces contract for several orders with
respect to the external one. These are the MCM with dynamical compactification. In
both classes we find purely gravitational models as well as models with different types of
matter (scalar field, electromagnetic field, Yang-Mills field, ideal fluid, one-loop quantum
corrections etc.).
Of special interest are exact solutions ( [5, 14, 18], [20 - 30] ) because they can be used
for a detailed study of the evolution of our space, of the compactification of the internal
space and of the behaviour of matter fields.
One of the most natural MCM generalizing the Friedmann-Robertson-Walker (FRW)
universe is given by a toy model with the topology R×M1×. . .×Mn whereMi(i = 1, . . . , n)
denote spaces of constant curvature. One of these spaces, say M1, describes the exterior
space but all the others are internal spaces. This model was considered especially in papers
[31 - 40].
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In [31] there was given a gauge covariant Wheeler-DeWitt equation (WDW) for this
model. As shown in [37] the classical field equations can be integrated for this model, if
at most one of the spaces Mi(i = 1, . . . , n) is non Ricci flat
4. In the quantum theory the
WDW equation can be integrated also in this case [34 - 36, 38]. This integrability takes
place also for a MCM with only Ricci flat spaces and a non vanishing cosmological constant
[39] or filled with ideal fliud [32,40].
In the present paper we consider the integrable case of a MCM where the non Ricci
flat space is of constant positive curvature. The main aim consists in the study of the
compactification in this model, spontaneous as well as dynamical one. If the Ricci flat
spaces describe the internal spaces they are assumed to be compact. This can be ensured
by appropriate boundary conditions. The most simple example of such Ricci flat spaces
is given by d-dimensional tori. As a matter source we consider a homogeneous scalar field
minimally coupled to gravity. We shall analize the case of a free scalar field as well as a
field with a special potential. In all these cases the models considered are integrable.
It will be shown that the MCM investigated here has solutions describing spontaneous
and dynamical compactification. The paper is organized as follows. In sec.2 we describe
the MCM and represent it in appropirate coordinates. Sec. 3 is devoted to dynamical
compactification, sec. 4 to the spontaneous one. Conclusions and an extended list of
references complete the paper.
2 MULTIDIMENSIONAL COSMOLOGICAL
MODELS
Let us start with a D-dimensional space-time manifold
M = R ×M1 × . . .×Mn (1)
containing n spaces of constant curvature Mi with di dimensions. M1 denotes our three
dimensional space, but we do not restrict ourself to this special value and use d1 > 1 as
dimension. In general the line element is given by
ds2 = gABdx
AdxB A,B = 0, . . . , D − 1 (2)
4The criterion of integrability given in [37] seems to be sufficient. To decide its necessity in the case
with more than one non Ricci flat spaces has to be studied in more detail.
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We consider the case of homogeneous spaces where the line element is given by
ds2 = −dt2exp(2γ(t)) +
n∑
i=1
a2i (t)g(i) (3)
and the ai = e
βi denote the scale factors of the different factor spaces. The metrics of these
spaces are given by
g(i) = hminidx
midxni mi, ni = 1, . . . , di (4)
With the demand the Mi to be spaces of constant curvature we get
g(i) =
∑
(dxn
i
)2
(1 + 1
4
ki
∑
(xni)2)2
(5)
where ki = 0,±1. The scalar curvature of Mi is given by
R[g(i)] ≡ θi = kidi(di − 1) (6)
Matter sources compatible with this symmetry can be described by a homogeneous
matter field or phenomenologically by an energy momentum tensor of a generalized ideal
fluid. We consider the case of a minimally coupled homogeneous scalar field ϕ with the
potential V (β, ϕ) depending on ϕ as well as on the βi. This gives us the possibility to
investigate models with an arbitrary scalar field potential V (β, ϕ) ≡ U(ϕ) as well as (for
ϕ = const) models with an arbitrary potential V (β, ϕ) ≡ V (β). Effective potentials of the
form V (β) may have their origin in an ideal fluid matter source [32,40], for compact inner
spaces in the ”Casimir effect” [11] or in the ”monopole”ansatz [41]. At last the general
form of the potential V (β, ϕ) leads us to new integrable models. An example of this kind
of potentials will be presented here.
In the case of a free scalar field and only one of the spaces being non Ricci flat the
multidimensional models fulfil a general condition of integrability [37]. In what follows we
restrict our consideration to the case θ1 > 0 and θi = 0 for all i = 2, . . . , n. We have,
therefore, a special class of integrable models. The compactness of the flat internal spaces
has to be ensured by apropriate boundary conditions.
The action S for the model with the metric (3) and a minimally coupled homogeneous
scalar field can be written in the form [31]
S =
∫
Ldt (7)
4
where the Lagrangian reads
L = µ
2
e−γ+
∑
n
i=1
diβi
{
n∑
i=1
dj(β˙
j)2 − (
n∑
i=1
djβ˙
j)2 + κ2ϕ˙2
}
+
µ
2
eγ+
∑
n
i=1
diβiθ1e
−2β1 − µκ2V (β, ϕ)eγ+
∑
n
i=1
diβi (8)
Here κ2 denotes the gravitational constant and µ =
∏n
i=1 Vi/κ
2 where Vi is the volume of
Mi: Vi =
∫
Mi
ddiy(det(gmini))
1/2. The metric (3) can be normalized in such a way that
µ = 1. For example, this can be done by a transformation γ → γ + 1
2
(
1− D
2
)−1
lnµ, βi →
βi + 1
2
(
1− D
2
)−1
lnµ. In what follows we use this property. Further we use natural units
with κ2 = 1.
The model will be analized in two different time gauges. In the harmonic time gauge
[31] with the time coordinate τ we have γ =
∑n
i=1 diβ
i, and in the synchronous time gauge
with coordinate t we have γ = 0.
The free choice of the time coordinate leads to a constraint equation which reads
e−γ
[
n∑
i=1
di(β˙
i)2 − (
n∑
i=1
diβ˙
i)2 + ϕ˙2
]
− eγθ1e−2β1 + 2V (β, ϕ)eγ = 0 (9)
The given cosmological model was already considered earlier in [34 - 36, 38], where
the main aim was the analysis of the quantized system. In the present paper we intend
to consider mainly problems connected with compactification in Kaluza-Klein theory with
respect to the given model. The model under consideration belongs to the class of integrable
models what makes a detailed consideration of these problems possible.
Let us first consider the models where no scalar potential is present: V (β, ϕ) = 0. It
was shown in [34 - 36, 38], that the field equations for this model can be integrated most
easily using the following coordinates:
qv0 = (d1 − 1)β1 +
n∑
i=2
diβ
i,
qv1 =
[
(D − 2)/(d1
∑
2
] 1
2
n∑
i=2
diβ
i, (10)
qvi =
[
(d1 − 1)di/(d1
∑
i
∑
i+1
] 1
2
n∑
j=i+1
dj(β
j − βi), i = 2, . . . , n− 1
Here we used the notations D = 1 +
∑n
i=1 di, q
2 = (d1 − 1)/d1, and ∑i = ∑nj=i dj. The
inverse transformation is given by
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(d1 − 1)β1 = qv0 −
[∑
2(d1 − 1)
D − 2
] 1
2
v1,
βi+1 =
[
d1 − 1
(D − 2)∑2
] 1
2
v1 +
i∑
k=2
[
dk∑
k
∑
k+1
] 1
2
vk
−
[ ∑
i+2
di+1
∑
i+1
] 1
2
vi+1, i = 1, . . . , n− 2 (11)
βn =
[
d1 − 1
(D − 2)∑2
] 1
2
v1 +
n−1∑
k=2
[
dk∑
k
∑
k+1
] 1
2
vk
The field equations take the form of equations of motion for the dynamical variables vi of
a dynamical system with n degrees of freedom. In the harmonic time gauge the solutions
read [35, 36, 38]
eqv
0
=
√
ǫ/θ1
cosh [q
√
ǫτ ]
, −∞ < τ < +∞ (12)
and
vi = νiτ + ci, i = 1, . . . , n− 1 (13)
for the vi and for the scalar field
ϕ = νnτ + cn (14)
Here we used
ǫ =
n∑
i=1
(νi)2 > 0 (15)
and the νi, ci, i = 1, . . . , n are constants of integration. In minisuperspace of vectors ~v =
(v0, v1, . . . , vn−1, vn ≡ ϕ) the indices are raised and lowered by the diagonal metric η =
(−1,+1, . . . ,+1) [34]. Thus, we have v0 = −v0, vi = vi, νi = νi and ci = ci, i = 1, . . . , n.
We can generalize our model to the case of Einstein spaces Mi with R[gi] = λidi instead
of (6). The λi are arbitrary constants. In order to get the forthcoming solutions for this
general case we have to perform the substitution θ1 → λ1d1 in (12). In chapters 3 and 4
we sometimes use the relation θ1 = d1(d1 − 1) valid for a space M1 of positive constant
curvature (k = +1). But all formulas containing this relation can be trivially rewritten for
an Einstein space M1.
From (11), (12), and (13) it is easy to get the explicit expressions for the scale factors
ai = e
βi in the harmonic time gauge for arbitrary n ≥ 2. These formulas show that the
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dynamical behaviour of the universe is very complicated in the case of arbitrary n. Some
of the factor spaces may expand and others contract at the same time. It depends on
the signs of the constants νi and relationships between coefficients in formula (11). The
general analysis with arbitrary νi and di is hardly possible to perform. Each choice should
be consedered as a separate case. We shall show how to do this on the example of two
particular cases. First of all we shall consider the very popular among cosmologists two-
component model, n = 2, i.e. the model where we have only one internal space in addition
to the external one and, therefore, only two scale factors. In this case it is possible to
perform the general analysis for arbitrary ν1, ν2 and d1, d2. Here, we shall give the explicit
expressions for the scale factors in the synchronous time widely used in cosmology. We shall
show for this case the occurence of dynamical compactification. This means a cosmological
development where one scale factor monotonically increases while the other one remains
on a much smaller scale.
Another important particular case which will be considered here is the case with spon-
taneous compactification of the inner factor spaces. This case will be analized for arbitrary
n ≥ 2 and the explicit expresiion for the scale factor of the external (our) space in the
synchronous system will be obtained also.
3 DYNAMICAL COMPACTIFICATION
For the case of a two-component cosmological model, i.e. with n = 2 in (11) - (15) we
can easyly get an expression for the scale factors in harmonic time gauge. We find a1,2 as
functions of the harmonic time τ
ad1−11 =
2a(0)
d1−1
1
e
√
d2(d1−1)
D−2
ν1τ

e
√
(d1−1)(ν
2
1
+ν2
2
)
d1
τ
+ e
−
√
(d1−1)(ν
2
1
+ν2
2
)
d1
τ


(16)
ad22 = a(0)
d2
2
e
√
d2(d1−1)
D−2
ν1τ
(17)
Here a(0)1 and a(0)2 are connected with the constant of integration c1 by the expressions
a(0)
d1−1
1
=
√√√√ ν21 + ν22
d1(d1 − 1)e
−
√
d2(d1−1)
D−2
c1
(18)
a(0)
d2
2
= e
√
d2(d1−1)
D−2
c1
(19)
7
From this we get the connection between a(0)1 and a(0)2
a(0)
d1−1
1
a(0)
d2
2
=
√√√√ ν21 + ν22
d1(d1 − 1) (20)
We have three different types of development of the scale factors a1 and a2 in dependence
from the relation between the constants ν1,2 and the dimensions of the spaces. Let us
consider these cases in more detail.
1.
√
d1d2ν21 −
√
(d1 + d2 − 1)(ν21 + ν22) > 0
In this case the scale factors a1 and a2 are permanently in opposite phase: Either a2
is contracting from ∞ to 0 and a1 is expanding from 0 to ∞ (for ν1 < 0), or a2 increases
from 0 to ∞ and a1 decreases from ∞ to 0 (for ν1 > 0). This type of behaviour can take
place also in the case where no scalar field is present (ν2 = 0). It is clear that condition 1.
is not valid for d2 = 1, if only ν2 is not imaginary.
2.
√
d1d2ν21 −
√
(d1 + d2 − 1)(ν21 + ν22) < 0
Also in this case we have two types of possible behaviour depending on the sign of ν1.
While the scale factor a2 is contracting from ∞ to 0 the scale factor a1 expands up to
a maximal value and then starts to shrink up to 0 (for ν1 < 0). On the other hand a2
increases from 0 to ∞ while a1 increases up to a maximal value and contracts to 0 (for
ν1 > 0). Solutions with analogical behaviour were described earlier in [24 - 26], Obviosly,
this case can not take place for vanishing scalar field (ν2 = 0). In the classical Kaluza-Klein
case with d2 = 1 the condition 2. is satisfied for any real ν2.
3.
√
d1d2ν21 −
√
(d1 + d2 − 1)(ν21 + ν22) = 0
In this case we find a connection between the constants of integration ν1 and ν2:
ν22 =
(
d1d2
d1 + d2 − 1 − 1
)
ν21 (21)
From this expression we can see that d2 = 1 (the classical Kaluza-Klein assumption)
corresponds to the case with vanishing scalar field. Using (21) the expression (20) takes
the form
a(0)
d1−1
1
a(0)
d2
2
=
√
d2
(d1 − 1)(d1 + d2 − 1) | ν1 | (22)
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The dependence of the scale factors on harmonic time reads
ad22 = a(0)
d2
2
e
√
d1−1
d2(D−2)
ν1τ
(23)
ad1−11 = a(0)
d1−1
1

1± tanh
√√√√d2(d1 − 1)
(D − 2) | ν1 | τ

 (24)
where the upper sign corresponds to the case ν1 < 0 and the lower sign to ν1 > 0. The
behaviour of the scale factors is shown in fig. 1 and fig. 2. We can see that the phenomenon
of dynamical compactification takes place for τ > 0 if ν1 > 0 and for τ < 0 if ν1 < 0.
The simple form of eqns. (23), (24) makes it possible to find the explicit connection
between harmonic and synchronous time coordinates. We have the general differential
coonection
dt = ±eγdτ = ±ad11 ad22 dτ (25)
We get finally
t = ±c˜
∫
dy
(y2 + 1)
d1
d1−1
+ ˜˜c (26)
where
y = e
±
√
d2(d1−1)
D−2
|ν1|τ
(27)
(in eqn. (27) the positive sign corresponds to ν1 > 0, the negative one to ν1 < 0) and
c˜ = 2
d1
d1−1
√
D − 2
d2(d1 − 1)
1
| ν1 |a(0)
d1
1
a(0)
d2
2
(28)
Changing the origin of the synchronous time we can achieve ˜˜c = 0
Let us consider some special cases. If we have d1 = 2, d2 ≥ 1 then (26) integrates to
give
t = ± c˜
2
(
y
y2 + 1
+ arctan y
)
, | t |≤ c˜π
4
(29)
This case is interesting in the sense that for d2 = 1 this model describes a three dimensional
anisotropic Kantowski-Sachs universe [42] without scalar field.
A simple expression for the scale factors we find in the most realistic Kaluza-Klein case
d1 = 3, d2 ≥ 1:
t = ±c˜ y
(y2 + 1)
1
2
, | t |≤ c˜ (30)
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and with this time coordinate the solution reads
a1 = 2
1
2a(0)1
[
1−
(
t
c˜
)2] 12
a2 = a(0)2
[
t2
c˜2 − t2
] 1
2d2
(31)
ϕ = ±1
2
√
d2 − 1
d2
ln
(
t2
c˜2 − t2
)
From this solution we see that the point t = 0 is a point of maximum for the scale factor a1
(turning point) and a point of minimum for a2 (point of repulsion). The derivative da2/dt
is not smooth at t = 0. The scale factors a1 and a2 are permanently in opposite phase and
always exist time intervals where dynamical compactification is realized. On the one hand
a1 starts to increase from zero at t = −c˜ to some maximum at t = 0. At the same time
a2 shrinks from ∞ (t = −c˜) to zero (t = 0). This behaviour corresponds to ν1 < 0. On
the other hand, for ν1 > 0 a1 monotonically decreases from its maximal value at t = 0 to
zero at t = +c˜ and a2 increases from zero (t = 0) to ∞ (t = +c˜)(fig. 3). The total space
volume is proportional to V3+d2 = a
3
1a
d2
2 ∼| t | (c˜2 − t2)→ 0 if t→ 0,±c˜.
It is easy to see that eq. (31) fulfils the constraint equation (9) for c˜ =
√
2a(0)1.
Using the definition for c˜ (28) this relation can be also written in the form a2(0)1a
d2
(0)2
=
(d2/2(d2 + 2))
1/2 | ν1 | what coincides with expression (22) for d1 = 3.
From eq. (31) it can be seen that the scalar field changes monotonically from −∞
to +∞ as a result of the vanishing potential (V (β, ϕ) = 0). But taking into account a
nonvanishing potential of the scalar field in the Lagrangian (8) it is in general not possible
to separate variables and to integrate the equations.
There is one comparatively easy case where this problem can be overcome. Let us
consider the potential
V (ϕ, β) = U(ϕ)e−2
∑
n
i=1
diβi (32)
Than we find for the Lagrangian (8) in v-coordinates and in the harmonic time gauge the
expression
L = 1
2
(ηikv˙
iv˙k + ϕ˙2) +
1
2
θ1e
2qv0 − U(ϕ) (33)
where ηik = diag(−,+,+ . . . ,+), The overdot denotes the derivative with respect to the
harmonic time and we put θi = 0, i = 2, . . . , n. In this case we have the possibility to
separate the variables and the equations of motion take the form
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v¨0 + θ1qe
2qv0 = 0
v¨i = 0, i = 1, . . . , n− 1 (34)
ϕ¨+
∂U
∂ϕ
= 0
The constraint equation (9) can be written as
(v˙0)2 + θ1e
2qv0 = ǫ (35)
where
ǫ =
n−1∑
i=1
(v˙i)2 + ϕ˙2 + 2U(ϕ)
=
n−1∑
i=1
(νi)
2 + ϕ˙2 + 2U(ϕ) (36)
As before νi denotes the constants of integration of the equations v¨
i = 0(i = 1, . . . , n− 1).
Let us now restrict our consideration to a two-component universe (one internal space)
and let us take the potential U(ϕ) = 1
2
m2ϕ2. Then the potential V (β, ϕ) can be rewritten
in the form V (β, ϕ) = 1
2
m2Φ2, where Φ = ϕ/VD′ and VD′ = a
d1
1 a
d2
2 is proportional to the
voume of theD′ = d1+d2 dimensional space. For ϕ = const we have V (β, ϕ) ∼ 1/(ad11 ad22 )2.
This expression is similar to the monopol ansatz of Freund and Rubin [41] but with the
difference that their monopole is assumed in the internal space only, but our scalar field is
given in the whole universe. Therefore, we have in the expression for V (β, ϕ) an additional
factor a2d11 .
With the choice U(ϕ) = 1
2
m2ϕ2 we find for eq. (34) the solution for the scalar field
ϕ = ϕ0 cos[m(τ − τ0)] (37)
where ϕ0 and τ0 are constants of integration.
It can be seen from (34 - 37) that the behaviour of the scale factors will be the same
as in the case U(ϕ) = 0 if we put ν22 = m
2ϕ20, because we have once more ǫ = ν
2
1 + ν
2
2 =
const. Therefore, for this choice of the potential U(ϕ) we have the same picture for
compactification as before. The most simple expression for the scalar field in synchronous
time can be obtained for the case 3. (i.e.
√
d1d2ν21 =
√
(d1 + d2 − 1)(ν21 + ν22)) if d1 = 3.
Then, we get
ϕ = ϕ0cos

 m
2ν1
√
d2 + 2
2d2
ln
t2
A(c˜2 − t2)

 (38)
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where c˜ is defined by eqn. (28), A = ln
t20
c˜2−t20
and the constant t0 corresponds to the
harmonic time τ0 (using eqn. (30). We can see that the scalar field oscillates. At t = 0,±c˜
these oscillations reach infinite frequency.
At the quantum level we have to replace the quadratic amplitude ϕ20 in the expression
for ǫ by discrete energy levels. The quantization procedure changes the constraint equation
(35) into the Wheeler-DeWitt equation(
− ∂
2
∂v02
+ θ1e
2qv0 +
∂2
∂v12
+
∂2
∂ϕ2
−m2ϕ2
)
Ψ = 0 (39)
which has the solution
Ψν1,n = e
iν1v1e−
m
2
ϕ2Hn(ϕ
√
m)Ci√ǫ/q
(√
θ1
q
eqv
0
)
(40)
where Hn are Hermite polynomials and C = I,K denotes the modified Bessel functions.
Here we have
ǫ = ν21 + (2n+ 1)m, n = 0, 1, 2, . . . ; −∞ < ν1 < +∞ (41)
In conclusion of this chapter we would like to mention the existence of a special case
of n-component cosmological model (n > 2), which can be formally reduced to the two-
component case described above. This special case will be given by the following special
choice of the constants of integration in eqn. (13)
ν1 6= 0, ν2 = . . . = νn−1 = 0
Then we find from the coordinate transformation (11)
ai = e
Bia2, i = 3, . . . , n (42)
where the Bi are arbitrary constants and the n-component case is reduced to the two-
component one (a1, a2) considered above by the replacement of d2 in eqns. (16) - (31)
by
∑
2 =
∑n
i=2 di. In this particular case all factor spaces Mi = 3, . . . , n have the same
dynamical behaviour as M2 the evolution of which was described above.
4 SPONTANEOUS COMPACTIFICATION
Spontaneous compactification we call special solutions to the equations of motion where
only one scale factor undergoes dynamical development and will be connected with the
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scale factor of the external (our) space while all internal space scale factors are fixed. It
is usually assumed that these fixed scale factors are of the order of the Planck length
LP l ∼ 10−33 cm. These scale factors are assotiated to internal dimensions not accessible
to direct observations.
For the cosmological model under consideration there are solutions of this type cor-
responding to the special case νi = 0, (i = 1, . . . , n − 1). Then we have from (11), (13)
βi = const, (i = 2, . . . , n), i.e. ai = e
βi = a(0)i = const, (i = 2, . . . , n). In this case we
have ǫ = ν2n > 0 and Lorentzian solutions occur only in the presence of a real scalar field
ϕ = νnτ + cn. In the harmonic time gauge the dynamical scale factor behaves like [35, 36,
38]
a1(τ) =


√
ǫ/θ1
c


1
d1−1 {
cosh
[
(d1 − 1)
√
ǫ/θ1τ
]}− 1
d1−1
(43)
for −∞ < τ < +∞ and c = ∏ni=1 adi(0)i.
It is convenient to write the metric (3) in the gauge of conformal time η, which is
connected with the harmonic time τ by the relation
cosh
[
(d1 − 1)
√
ǫ/θ1τ
]
= [sin(d1 − 1)η]−1, 0 ≤ (d1 − 1)η ≤ π (44)
Then we have
ds2 = a21(η)(−dη2 + g(1)) + a2(0)2g(2) + . . .+ a2(0)ng(n) (45)
and the scale factor a1 depends on the conformal time η in the following way
a1(η) =


√
ǫ/θ1
c


1/(d1−1)
(sin[(d1 − 1)η])1/(d1−1) (46)
From (46) it can be seen that for d1 = 2 the scale factor a1 behaves like for the closed
radiation dominated Friedmann universe, and for d1 = 3 like closed Friedmann universe
filled with ultra stiff matter. This example shows once more that extra dimensions may
play the role of a matter source for the external space-time.
We also give the explicit expression for the metric in the synchronous reference system:
ds2 = −dt2 + a21(t)g(1) + a2(0)2g(2) + . . .+ a2(0)ng(n) (47)
The dependence of the scale factor a1 on the sychroneous time is given by
t =
∫ ad1−11 da1√
ǫ
θ1c2
− a2(d1−1)1
+ const (48)
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All these formulas (43), (46), and (48) show that a1 expands from zero to it’s maximal
value
(√
ǫ/θ1
c
)1/(d1−1)
and shrinks to zero again. For a1 ≪
(√
ǫ/θ1
c
)1/(d1−1)
the scale factor
asymptotically behaves like a1 ∼ t1/d1 what corresponds to a closed Friedmann universe
filled with radiation for d1 = 2 and ultra stiff matter for d1 = 3.
In the case d1 = 2 the integral (48) can be expressed by elementary functions
a1 =
[
t(2
√
ǫ/θ1/c− t)
]1/2
, 0 ≤ t ≤ 2
√
ǫ/θ1/c (49)
for d1 ≥ 3 it can be expressed by ellyptic integrals. For instance, in the case d1 = 3 we
have
t =
[
1
c
√
ǫ
θ1
]1/2 {√
2
[
E
(
Ψ,
√
2
2
)
− E
(√
2
2
)]
− 1√
2
[
F
(
Ψ,
√
2
2
)
−K
(√
2
2
)]}
(50)
where
Ψ = arccos
[
a1/
(√
ǫ/θ1/c
)1/2]
(51)
and the constant of integration is chosen in such a way that a1(t = 0) = 0. It is clear that
a potential of the form (32) (with U(ϕ) = 1
2
m2ϕ2) would not change the formulas (43) -
(51) where we would have to put ν2n = m
2ϕ20 = const.
The solution (43) has an interesting analytical continuation into the Euclidean region.
This solution has the topology of a wormhole [35, 36, 38]. The analytical continuation of
the solution (46) symmetrical with respect to η = 0 (this corresponds to the symmetry
with respect to the throat of the wormhole in the Euclidean region [43] ) leads to
a1(η) =


√
ǫ/θ1
c


1
d1−1
[cosh(d1 − 1)η]
1
d1−1 , −∞ < η < +∞ (52)
Now we show that this solutions really describes a wormhole, that means two asymp-
totically flat regions connected by a throat [44, 45]. To this end we change to a new ”time”
coordinate T by the following transformation
a1(η)dη =
1
(d1 − 1)ad1−21
dT (53)
(we see from (53) that the ”time” T is the synchronous one in the case d1 = 2). We put
(52) into (53) and find
T =
√
ǫ/θ1
c
sinh(d1 − 1)η, −∞ < T < +∞ (54)
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and
a1(T ) =




√
ǫ/θ1
c


2
+ T 2


1
2(d1−1)
(55)
From (55) we can see that the throat has the size
(√
ǫ/θ1
c
) 1
(d1−1)
. In the T-time gauge the
metric takes the form
ds2 =
dT 2
(d1 − 1)2
[(√
ǫ/θ1
c
)2
+ T 2
] d1−2
d1−1
+




√
ǫ/θ1
c


2
+ T 2


1
d1−1
g(1)
+
n∑
i=2
a2(0)ig(i) (56)
Asymptotically we find for T 2 ≫
(√
ǫ/θ1
c
)2
ds2 ≈ dT
2
(d1 − 1)2T 2
d1−2
d1−1
+ T
2
d1−1 g(1) +
n∑
i=2
a2(0)ig(i) (57)
If we go over to a new coordinate R =| T | 1d1−1 the asymptotics (57) takes the form
ds2 ≈ dR2 +R2g(1) +
n∑
i=2
a2(0)ig(i) (58)
In this way we get the following result. If g(1) represents the d1 dimensional sphere the
Euclidean region has two asymptotic regions (T → ±∞) with the topology Rd1+1 ×M2 ×
. . .×Mn which are connected by a throat of the size
(√
ǫ/θ1
c
) 1
(d1−1)
. This is a wormhole by
the definition of this object.
It is useful to express the metric (56) in the synchronous reference system
ds2 = dt2 + a21(t)g(1) +
n∑
i=2
a2(0)ig(i) (59)
where the scale factor a1 depends on the synchronous ”time” coordinate due to the expres-
sion
t =
∫
ad1−11 da1√
a
2(d1−1)
1 − ǫθ1c2
+ const (60)
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In the special case d1 = 2 this integral can be expressed by elementary functions
a21(t) = t
2 +
ǫ
θ1c2
, −∞ < t < +∞ (61)
This follows directly from (56). We can get (61) also by analytical continuation of the
expression (49) symmetrical with respect to t = 0. Such type of wormhole solutions was
presented by Hawking in [46]. For d1 > 2 the integral (60) can by expressed by elyptical
functions. In the case d1 = 3 we find
t =
[
1
c
√
ǫ
θ1
]1/2 {
−
√
2E
(
Ψ,
√
2
2
)
+
1√
2
F
(
Ψ,
√
2
2
)}
+
1
a1
[
a41 −
ǫ
θ1c2
]1/2
(62)
where
Ψ = arccos




√
ǫ/θ1
c


1/2
/a1

 (63)
Such wormholes were studied by Giddings and Strominger in [47].
5 CONCLUSIONS
We considered integrable multidimensional cosmological models (MCM) with n(n > 1)
spaces of constant curvature. Only one space was of positive curvature, all the others were
assumed to be Ricci flat. As a matter source we introduced a minimally coupled homoge-
neous scalar field as a free field or with a special type of potential. It was shown that this
models posses solutions describing the process of dynamical compactification of internal
dimensions as well as spontaneous compactification. Moreover, dynamical compactification
takes place in the presence of a scalar field and for pure gravity. For spontaneous compact-
ification the presence of a real scalar field in the Lorentzian region is a necessary condition.
For the case with an imaginary scalar field or without any scalar field our solution belongs
completely to the Euclidean region. In the case of a real scalar field the solutions with
spontaneous compactification permit an interesting continuation to the Euclidean region
describing Euclidean wormholes.
For the quantized model the Wheeler-DeWitt (WDW) equation was analyzed for the
case with a scalar field potential like described above. The corresponding exact solutions
were found. The WDW equation with a free scalar field was considered earlier in [34 - 36,
38] where the exact solutions were presented and analyzed. In this case a special class of
solutions satisfies the boundary conditions of quantum wormholes [48].
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Of interest is the case where the non Ricci flat space is of negative curvature. It is
easy to see from the field equations, that in this case we have a more rich situation than
in the case described in this paper. There are solutions which belong completely to the
Lorentzian region which do not possess analytical continutation to the Euclidean one and
the solutions which have such a continuation. Usually, the last class is connected with
models of tunneling universes. The consideration of this case and the analysis of the
compactification problem in it will be considered in a separate paper.
Acknowledgment The work was sponsored by the WIP project 016659/p. One of us (A.
Z.) was supported by DAAD and by DFG grant 436UKR-17/7/93. A. Z. also thanks Prof.
Kleinert and the Freie Universita¨t Berlin for their hospitality.
17
References
[1] J. Scherk, J.H. Schwarz, Phys. Lett. B82, 60 (1979).
[2] A. Salam, J. Strathdee, Ann. of Phys. 141, 316 (1982).
[3] E.W. Kolb, R. Slansky, Phys. Lett. B135, 378 (1984).
[4] W. J. Marciano, Phys. Rev. Lett. 52, 489 (1984)
[5] M. Gleiser, J.G. Taylor, Phys. Rev. D33, 570 (1986).
[6] E.W. Kolb, M.J. Perry, and T.P. Walker, Phys. Rev. D33, 869 (1986).
[7] V.N. Melnikov, Multidimensional cosmology and the problem of variation of constants,
in Classical field theory and theory of gravitation, vol. 1, ed. V. N. Melnikov, VINITI,
Moscow 1991, p. 49 (in russ.).
[8] T. Koikawa, and M. Yoshimura, Phys. Lett. B150, 107 (1985).
[9] M. Duff, Modern Kaluza-Klein theories, Preprint Imperial/TP/83-84/45, (1984).
[10] D. Bailin, A. Love, C.E. Vayonakis, Phys. Lett. B142, 344 (1984).
[11] P. Candelas, S. Weinberg, Nucl. Phys. B237, 397 (1984).
[12] B.T. McInnes, Phys. Lett. B150, 113 (1985).
[13] K. Kikkawa. T. Kubota, S. Sawada, M. Yamasaki, Nucl. Phys. B260, 429 (1985).
[14] M. Gleiser, S. Rajpoot, J. G. Taylor, Ann. of Phys. 160, 299 (1985).
[15] K. Maeda, Class. Quant. Grav. 3, 233 (1986).
[16] L. Amendola, E.W. Kolb, Phys. Rev. D42, 1944 (1990).
[17] R. Holman, E.W.Kolb, S.L. Vadas, Y. Wang, Phys. Rev. D43, 995 (1991).
[18] A. Chakraborty, Astroph. Space Sci. 192, 321 (1992).
[19] E.I. Guendelman, A.I. Rabinowitz, Phys. Rev. D47, 3474 (1993).
[20] A. Chodos, S. Detweiler, Phys. Rev. D21, 2167 (1980).
18
[21] P.G.O. Freund, Nucl. Phys. B209, 146 (1982).
[22] T. Dereli, R.W. Tucker, Phys. Lett. B125, 132 (1983).
[23] T. Appelquist, A. Chodos, Phys. Rev. D28, 772 (1983).
[24] D. Sahdev, Phys. Lett. B137, 155 (1984).
[25] D. Sahdev, Phys. Rev. D30, 2495 (1984)).
[26] E.W. Kolb, D. Lindley, D. Seckel, Phys. Rev. D30, 1205 (1984).
[27] J. Demaret, J.-L. Hanquin, M. Henneaux, P. Spindel, Nucl. Phys. B252, 538 (1985).
[28] Y. Okada, Nucl. Phys. B264, 197 (1986).
[29] A. Beloborodov, M. Demianski, P. Ivanov, A.G. Polnarev, Phys. Rev. D, (1993) to be
published.
[30] W.F. Kao, Phys. Rev. D47, 3639 (1993).
[31] V.D. Ivashchuk, V. N. Melnikov, A.I. Zhuk, Nuov. Cim. B104 , 575 (1989).
[32] V.D. Ivashchuk, V.N. Melnikov, Phys. Lett. A136, 465 (1989).
[33] U. Bleyer, D.-E. Liebscher, H.-J. Schmidt, A.I. Zhuk, Wiss. Zeitschr. Univ. Jena 39,
20 (1990).
[34] A.I. Zhuk, Class. Quant. Grav. 9, 2029 (1992).
[35] A.I. Zhuk, Phys. Rev. D45, 1192 (1992).
[36] A.I. Zhuk, Sov. Journ. Nucl. Phys. 55 149 (1992)
[37] V.D. Ivashchuk, Phys. Lett. A170, 16 (1992)
[38] A.I. Zhuk, Sov. Journ. Nucl. Phys. 56 223 (1993)
[39] V.D. Ivashchuk, V.N. Melnikov, Multidimensional quantum wormholes in the theory
with cosmological constant, Teor. Mat. Fiz. (1994) (in press).
19
[40] V.D. Ivashchuk, V.N. Melnikov, Multidimensional cosmology with multicomponent per-
fect fluid, Int. J. Mod. Phys. (1994) (in press).
[41] P.G.O. Freund, M.A. Rubin, Phys. Lett. B97, 233 (1980).
[42] R. Laflamme, E.P.S. Shellard, Phys. Rev. D35, 2315 (1987);
J. Halliwell, J. Louko, Phys. Rev. D42 (1990)) 3997.
[43] A.I. Zhuk, Phys. Lett. A176, 176 (1993).
[44] J. A. Wheeler, Geometrodynamics, (Academic, New York, 1962).
[45] S.W. Hawking, Phys. Rev. D37, 904 (1988).
[46] S.W. Hawking, Modern Phys. Lett. A5, 145 (1990).
[47] S. Giddings, A. Strominger, Nucl. Phys. B306, 890 (1988).
[48] S.W. Hawking, D.N. Page, Phys. Rev. D42, 2655 (1990).
20
Figure 1 The dynamical behaviour of the scale factors a1 and a2 in harmonic time gauge
for case 3. if ν1 > 0 (a = 2
1
d1−1a(0)1).
Figure 2 The dynamical behaviour of the scale factors a1 and a2 in harmonic time
gauge for case 3. if ν1 < 0 (a = 2
1
d1−1a(0)1).
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Figure 3 The dynamical behaviour of the scale factors a1 and a2 in synchronous time
gauge for case 3. with dimensions d1 = 3, d2 ≥ 1. Here we have t1 = −c˜, t2 = c˜ and
a = 21/2a(0)1.
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